We consider the minimization problem f (x) → min, x ∈ K, where K is a closed subset of an ordered Banach space X and f belongs to a space of increasing lower semicontinuous functions on K. In our previous work, we showed that the complement of the set of all functions f , for which the corresponding minimization problem has a solution, is of the first category. In the present paper we show that this complement is also a σ-porous set.
Introduction
The study of a generic existence of solutions in optimization has recently been a rapidly growing area of research (see [1, 2, 3, 4, 5, 6, 8, 9, 10, 12, 13, 14, 15] and the references mentioned there). Instead of considering the existence of solutions for a single cost function, we study it for a space of all such cost functions equipped with an appropriate complete uniformity and show that a solution exists for most of these functions. Namely, we show that in the space of functions, there exists a subset which is a countable intersection of open everywhere dense sets such that for each cost function in this subset, the corresponding minimization problem has a unique solution. This approach allows us to establish the existence of solutions of minimization problems without restrictive assumptions on the functions and on their domains.
Let K be a nonempty closed subset of a Banach ordered space (X, · ,≥). A function f : K → R 1 ∪ {+∞} is called increasing if
(1.1)
⊂ X, x i+1 ≤ x i , for all integers i ≥ 1 and sup{ x i : i = 1,2,...} < ∞, then the sequence {x i } ∞ i=1 converges. The property (A) is well known in the theory of ordered Banach spaces (see, e.g., [7, 10, 11] ). Recall that the cone X + has the property (A) if the space X is reflexive. The property (A) also holds for the cone of nonnegative functions (with respect to usual order relation) in the space L 1 of all integrable on a measure space functions.
Assume that K is a closed subset of X. We assume that with every a ∈ Ꮽ a lower semicontinuous function f a : K → [−∞,+∞] is associated and f a is not identically ∞ for all a ∈ Ꮽ.
Let a ∈ Ꮽ. We say that the minimization problem for f a on K is strongly well posed with respect to (Ꮽ,d w ) if the following assertions hold:
(1) the infimum inf( f a ) is finite and attained at a point x (a) ∈ K such that for each x ∈ K satisfying f a (x) = inf( f a ), the inequality x ≤ x (a) holds; (2) for any > 0, there exist δ > 0 and a neighborhood U of a in Ꮽ with the weak topology such that for each b ∈ U, inf( f b ) is finite; and if
Note that if X + = {0}, then our definition reduces to those in [6, 13] . For each integer n ≥ 1, denote by Ꮽ n the set of all a ∈ Ꮽ which have the following property: (P1) there exist x ∈ K and positive numbers r, η, and c such that 2) and for each Proof. By (P1) for each integer n ≥ 1, there exist x n ∈ K, r n > 0, η n > 0, and c n > 0 such that
and the following property holds:
We may assume without loss of generality that for all integers n ≥ 1,
There exists a strictly increasing sequence of natural numbers {k n } ∞ n=1 such that
Let n ≥ 1 be an integer. Inequality (2.3) implies that
By (2.7), (2.5) , and the definition of c 1 ,
It follows from (2.7), (P2) (see (2.4)), and the definitions of x kn and η kn that there exists u n ∈ X such that
Clearly, the sequence {y n } ∞ n=1 is well defined. By (2.11) and (2.9), for each integer n ≥ 1, 
Let > 0. Choose a natural number m for which
Assume that b ∈ B w (a,r km /2), x ∈ K, and
By (2.19) and the definitions of η km , r km , and x km (see the property (P2)),
and there is v ∈ X such that
It follows from (2.21) and (2.18) that
Inequalities (2.20), (2.17), and (2.18) imply that
This completes the proof of Proposition 2.1.
An element x ∈ K is called minimal if for each y ∈ K satisfying y ≤ x, the equality x = y is true. Denote by K min the set of all minimal elements of K.
For each integer n ≥ 1, denote byᏭ n the set of all a ∈ Ꮽ which has the property (P1) with x ∈ K min .
Analogously to the proof of Proposition 2.1, we can prove the following result. In the proof of Proposition 2.2, we choose x n ∈ K min , n = 1,2,.... This implies that inf( f a ) is attained at the unique point x (a) ∈ K min (see (2.13)).
Remark 2.3.
Note that assertion (1) in the definition of a strongly well-posed minimization problem for f a can be represented in the following way: inf( f a ) is finite and the set
has the largest element. We construct an example of an increasing function h for which the set argmin(h) is not a singleton and has the largest element. Define a continuous increasing function ψ : [0,∞) → R 1 by
Let n be a natural number and consider the Euclidean space R n . Let
It is easy to see that h is a continuous increasing function:
and the set
is not a singleton and has the largest element (1/2,...,1/2).
Remark 2.4.
The following example shows that in some cases the sets Ꮽ n can be empty. Let
where f a = 0 for any x ≤ a and f a (x) > 0 for any x > a. It is easy to see that the set Ꮽ n is empty for any natural number n.
Variational principles
We use the notations and definitions introduced in Section 2. The following are the basic hypotheses about the functions: (H1) for each a ∈ Ꮽ, inf( f a ) is finite; (H2) for each > 0 and each integer m ≥ 1, there exist numbers δ > 0 and r 0 > 0 such that the following property holds: (P3) for each a ∈ Ꮽ satisfying inf( f a ) ≤ m and each r ∈ (0,r 0 ], there exist a ∈ Ꮽ,x ∈ K, andd > 0 such that
and if
then x ≤d and there exists u ∈ X for which u ≤ and x ≤x + u; (H3) for each integer m ≥ 1, there exist α ∈ (0,1) and r 0 > 0 such that for each Proof. Recall that for each integer n ≥ 1, Ꮽ n is the set of all a ∈ Ꮽ which has the property (P1). By Proposition 2.1, in order to prove the theorem, it is sufficient to show that the set Ꮽ \ Ꮽ n is σ-porous in Ꮽ with respect to (d w ,d s ) for any integer n ≥ 1. Then the theorem is true with
Solutions of minimization problems
Let n ≥ 1 be an integer. We will show that the set Ꮽ \ Ꮽ n is σ-porous in Ꮽ with respect to (d w ,d s ) . To meet this goal, it is sufficient to show that for each integer m ≥ 1, the set
is porous in Ꮽ with respect to (d w ,d s ) . Let m ≥ 1 be an integer. By (H3), there exist
such that for each r ∈ (0,r 1 ], each a 1 ,a 2 ∈ Ꮽ satisfying d w (a 1 ,a 2 ) ≤ α 1 r, and each
By (H2), there exist α 2 ,r 2 ∈ (0,1) such that the following property holds: (P4) for each a ∈ Ꮽ satisfying inf( f a ) ≤ m + 2 and each r ∈ (0,r 2 ], there exist 6) and if x ∈ K satisfies fā(x) ≤ inf( fā) + 4rα 2 , then x ≤d and there exists u ∈ X for which u ≤ (2n) −1 and x ≤x + u.
Let a ∈ Ꮽ and r ∈ (0,r]. There are two cases
Assume that (3.8) holds. We will show that for each ξ ∈ B dw (a,r), the inequality inf( f ξ ) > m is valid. Assume the contrary. Then there exists ξ ∈ Ꮽ such that
There exists y ∈ K such that 
Inequalities (3.25), (3.24), (3.17) and (3.7) imply that f ξ (x) ≤ m + 7/2. It follows from this inequality, (3.19), (3.7), and the definitions of α 1 , r 1 (see (3.4), (3.5)) that
Thus, the following property holds:
The property (P6) implies that (1) the minimization problem for f a on K is strongly well posed with respect to (Ꮽ,d w ), (2) the infimum inf( f a ) is attained at a unique point.
We can prove Theorem 3.2 analogously to the proof of Theorem 3.1. Recall that for each integer n ≥ 1,Ã n is the set of all a ∈ Ꮽ which have the property (P1) with x ∈ K min . Set Ᏺ = ∩ ∞ n=1Ãn . By Proposition 2.2 for each a ∈ Ᏺ, assertions (1) and (2) hold. Therefore, in order to prove Theorem 3.2, it is sufficient to show that for each integer n ≥ 1, the set Ꮽ \Ꮽ n is σ-porous in Ꮽ with respect to (d w ,d s ) . We can show this fact analogously to the proof of Theorem 3.1.
Spaces of increasing functions
In the sequel, we use the functional λ : X → R 1 defined by
The function λ has the following properties (see [10, Proposition 6 .1]):
(i) the function λ is sublinear. Namely,
Denote by ᏹ the set of all increasing lower semicontinuos bounded-frombelow functions f :
It is not difficult to see that the metric space (ᏹ,d s ) is complete. Denote by ᏹ v the set of all finite-valued functions f ∈ ᏹ and by ᏹ c the set of all finite-valued continuous functions f ∈ ᏹ. Clearly, ᏹ v and ᏹ c are closed subsets of the metric space (ᏹ,d s ). We say that the set K has property (C) if K min is a closed subset of K and for each x ∈ K, there is y ∈ K min such that y ≤ x.
Denote by ᏹ g the set of all f ∈ ᏹ such that f (x) → ∞ as x → ∞. Clearly, ᏹ g is a closed subset of the metric space (ᏹ,d s ) .
It is easy to see that
Remark 4.1. Let K = X + and define
Clearly, 
and that if
). Combined with (4.7), this property implies (H3). We will show that (H2) holds and that the property (C) implies (H4). Let f ∈ Ꮽ, ∈ (0,1), and r ∈ (0,1]. Choosex ∈ K such that
If K has the property (C), then we assume thatx is a minimal element of K. Definef
Then by (4.9) and (4.8), Proof. We can prove Theorem 4.3 analogously to the proof of Theorem 4.2. The existence of a constantd is obtained in the following manner. Let x ∈ K, u ∈ X, x ≤x + u, and u < . Then Denote by ᏹ + the set of all f ∈ ᏹ such that f (x) ≥ 0 for all x ∈ K. Clearly, ᏹ + is a closed subset of the metric space (ᏹ,d s ). Define (d w ,d s ) and that for each f ∈ Ᏺ, the minimization problem for f on K is strongly well posed with respect to (Ꮽ,d w ) . If K has the property (C), then for each f ∈ Ᏺ, inf( f ) is attained at a unique point.
Proof. By Theorems 3.1 and 3.2, we need to show that (H1), (H2), and ( 
